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Recall Angular Velocity and Linear Velocity
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* Linear velocity )

The linear velocity of the origin of {b} expressed in the fixed frame {s}




Angular Velocities

| |0 * Red arrow - angular velocity vector w
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How to use angular velocity and linear
velocity?

e How about this?

po= | 0D
_OO_

T(t + At) =~ T(t) + T(t) At

« Adding R directly like this breaks orthogonality — the result won’t
generally be a valid rotation matrix.

* How to compute the transformation after certain time?




Exponential Coordinates of Rigid-Body Motions

* p(0)is rotated to p(Q)

e At a constant rate of 1 rad/s

. p(t) . path traced by the tip of vector

Velocity of the tip vector

p(t) =V +w X p(t) ™. S
/ \ ~

An additional Tangential velocity N
linear velocity due to rotation | motion of a screw




Exponential Coordinates of Rigid-Body Motions

* Linear Differential Equations p(t) — N (:) X p(t)

e Can we solve this equation to compute p(t) ?
» After time t, where is the vector?

* A scalar linear differential equation {L'(t) — a,:l’;(t) :U(t) cR,aelR

Initial condition 5{,’(0) = T Solution Qj(t) — eatQjO

(at)? | (at)?
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e’ =1+ at -




Exponential Coordinates of Rigid-Body Motions

* Vector linear differential equation

©(t) = Az(t)  x(t) e R", A € R"*"
Initial condition CB(O) — CI}‘O Solution ./L'(t) — eAth'O

(At)*
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(At)
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If A is constant and finite, this series converges to a finite limit

matrix exponential eAt — I —|— At I




Exponential Coordinates of Rigid-Body Motions

* Linear Differential Equations

e Can we solve this equation to compute p(t) ?

e Let’s convert it to this form .Cl’;(t) — A:L'(t)

]
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i
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p(t)
- 1 -

Homogenous coordinate

S|

p(t) =v+w x p(t)

| € se(3)




Exponential Coordinates of Rigid-Body Motions

* Linear Differential Equations p(t) — VU T (:L\J X p(t)

) =[Sl 5= ¢
* Solution 5(t) — 6[8]755(0)

Homogenous transformation T(t) — e[S]t

What is this??

2 3
matrix exponential et = | + At + (ét') + (f:l;') + ... How to compute a 4 x 4 matrix from this?




Exponential Coordinates of Rigid-Body Motions

S)e s = (6 g

* Let’s do some computation T(t) — 6[
* We can change T, to o




Exponential Coordinates of Rigid-Body

Motions 'R(é’) a) )
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TO)=e"" =0 |
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R(O) =1+ 0|0+ @)

G(0) = 10 + [
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wehave [(0]3 = — [
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Exponential Coordinates of Rigid-Body
Motions

292 393
R(O) =1+ W] + W] ) - (@] 3 ..
— I+(9—2—T+i_?_...)[@]+<92_?_i_j+‘2_?__._)[@]2
w20 )
0% 6
b = eyt R(0) = 1+ sinf[w] + (1 — cos 6)[w]?

Rodrigues' formula: exponential coordinates to rotation matrix




Exponential Coordinates of Rigid-Body Motions

02 N @] = —[@]
TR TR

02 gt o (P -
:IQ+(2! TR '”)[”H(s! 51 7! ”')M

= 10 + (1 — cos 0)[w] + (0 — sin 6)|w]?

G(0) = 10 + ]




Exponential Coordinates of Rigid-Body Motions

_[R(O) GO 6] v
T(0) = e’ = 0 I 51 = _[0] 0

_ [I sin 0[] 0(1 — cos 0)[w]? (I@ (1 — cos 9)[@]1 (6 — sin 6’)[(2)]2)1)

)
Conclusion: given unit angular velocity () and linear velocity ‘U If HWH — 1

Use the above equation to compute the homogenous transformation after 9
I v

f w = Oand|v|| =1 T(Q) — olS10 —




What if the rotation axis not going through

the origin? .
",
p(6) 5 0
I p(0)
p(O) Body frame

Xs  Fixed frame
Some frame

Case 1 (so far) Cace 2
ase




What if the rotation axis not going through the
origin? A

. p(O) is rotated to p(g) p(@)

e At a constant rate of 1 rad/s

Tangential
velocity

. p(t) . path traced by the tip of vector

Velocity of the tip vector

plt) =v+wx(p(t)—q)
/ \ Xs  Fixed frame

An additional Tangential velocity
linear velocity due to rotation

p(t) = —w x qg+v+w X p(t)
T




What if the rotation axis not going through
the origin?

p(t) = —wXxXqg+v+wxXp

Ve

* Angular velocity ()
* Linear velocity

V1 = —W X q+v

g can be any point on the rotation axis

_[@] ’Ul- X: Fixed frame

T(0) = elSl0 [SI=1"
opspes




Twist

* Let’s combine angular velocity and

called twist

V:

W
U

e Twist can be defined in fixed frame or body frame

c RO

Spatial twist VS —

Body twist Vb —

inear velocity into a 6D vector

c RO




Relationship between Spatial Twist and Body
Twist

* For angular velocity (US — wa I = l([)% 219

* For linear velocity
o 0
US o _ws >< qs _I_ US An additional
0 > linear velocity
Vp = —Wp X qp T Uy

qs = Rqy + p vy = Ruj)
E— E—




Relationship between Spatial Twist and Body
Twist

* Some derivation
Vg = —Wg X qs—l—vg
= —[wa] (qu + p) + Rvg
= —R[wy|R" (Rgy + p) + Rvp  BlIRT = [Re]
= R(—[w]gs +vp) — Rlws| R p
= Ru, — |Rwy|p

= [p] Rwy, + R, wlp = —[plw
opspms




Relationship between Spatial Twist and Body
Twist




Relationship between Spatial Twist and Body
Twist

r ][ )
Rlw|R' = [Ruw]

B ws | R 0 | [ wp, B
Vs = Vs - _ p|lR R || v = [Adr, Vs

. Wy . RT 0 Wg L
Vb — n — —RT [p] RT Ve — [AdTb ]VS
In general

Ve =[Adr,[Va,  Va=I[Adr, ]V

S




Relationship between Spatial Twist and Body
Twist

* What is the relationship between ’USj Up and p ? T = { lg 18 ]

* Linear velocity D

The linear velocity of the origin of
p {b} expressed in the fixed frame {s}

- Body frame
Fixed frame Ub J— Rbsp J— RTP




Relationship between Spatial Twist and Body
Twist

* What is the relationship between ’USj Up and p ? T = { l(;% 18 ]

The linear velocity of the origin of
{b} expressed in the fixed frame {s}

P Up = Rbsp — RTp

* Linear velocity p

Body frame

Fixed frame

vs = |p|Rwy + Rup = [plws + RR'p

Us:p_I_ws X (_p)
epsps e




Relationship between Spatial Twist and Body
Twist

Us:p+ws X (_p)

v.is the instantaneous velocity of the point
on this body currently at the fixed-frame
origin, expressed in the fixed frame




summary

* Exponential Coordinates of Rigid-Body Motions

* Twists
 Spatial twists

* Body twists




Further Reading

* Chapter 3 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017
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