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Forward Kinematics

* Forward kinematics of a robot: calculation of the position and
orientation of its end-effector from its joint coordinates

End-effector transformation

Joint coordinates 9 ‘ T R D ]
1 0 1




Forward Kinematics with D-H Parameters

e Link frame transformation

Ti—1i = Rot(x,a;-1)Trans(x, a;—1)Trans(z, d;)Rot(z, ¢;) i

. Jointi




What is the Velocity of the End-effector?

9]
<X Joint State Pub... — O
Randomize

Center
shoulder_pan_joint -0.530

L3
shoulder _lift_joint -0.004
upperarm_roll_joint 0.00
[—r—o—o—-——]
elbow_flex_joint 0.00
. __ __ |
forearm_roll_joint 0.00
O
wrist_flex_joint 0.00
——————3
wrist_roll_joint 0.00

r_gripper_finger_joint 0.000 =




Why we need to care about end-effector velocity?



https://www.youtube.com/watch?v=wXxrmussq4E
https://www.youtube.com/watch?v=wXxrmussq4E

Velocity Kinematics

* Given joint positions and velocities 9 & Rn 9

 Compute the velocity of the end-effector

End-effector configuration

: R - N
0 1 — 0 0
) ) p(t)zap(t) i i

What is this?




Recall Rigid-Body in 3D

e Origin of the body frame
p = P1Xs + P2Vs T P3Zs

* Axes of the body frame

Body frame Xp = T11Xs T T21Ys + I'31%s,
Vb = T12Xs + 122V + 7327,
}A{S A A N A
Fixed frame Zr = T13Xg T T23Yg T T33%s.
D1 Rotation matrix 11 719 r13
Translation P — D2 R = [)A(b }Afb Zb] — 21 T9292 793
| P3 Meanings of the column vectors | 731 732 T33 |




Angular Velocity and Linear Velocity

t-l— At
e
Zy(1)
/L YS

Xp(t + At)

Fixed frame Xb (t)

. Body frame R
* Linear velocity ) Yo (t)

The linear velocity of the origin of {b} expressed in the fixed frame {s}

* How about R ?




Recall Rotating a Vector or a Frame

* Rotate frame {c} about a unit axis ) by{ to get
frame {c’}, {c} is aligned with {s} in the beginning

R = Rsc’

frame {c’} relative to frame {s}

* Rotation operation

R = Rot(w, 0) =




Angular Velocities

* Axes {}/\(,577 2} Unit length

Rotating around d\) by AH

A
( ( J is coordinate free for now

At — 0 A@/At e 9 :’r;?;acri‘tt;neous

FaN
( { ? instantaneous axis of rotation

* Definition Angular velocity () =— CU@




Angular Velocity and Tangential Velocity

positive T
rotation CTD

g\

Speedv=rw

https://openstax.org/books/physics/pages/6-1-angle-of-rotation-and-angular-velocity



https://openstax.org/books/physics/pages/6-1-angle-of-rotation-and-angular-velocity
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Angular Velocities
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* Red arrow - angular velocity vector w
* Blue line - rotating body-fixed axis.

e Green arrow — instantaneous linear
velocity of the blue endpoint (v = w X r).




Angular Velocities

* Angularvelocity () — (:)9

Z
W= b \J A . Computg time derlvate§ of thege axes caused
by rotation $ (tangential velocity)

A Vector cross product

k w >< axb
y=w X Y ;
. a x b = |l b]sin(6) n

7 — W X % https://en.wikipedia.org/wiki
/Cross product



https://en.wikipedia.org/wiki/Cross_product
https://en.wikipedia.org/wiki/Cross_product

Angular Velocities

* To express these equations in coordinates, we must choose a
reference frame for W

e Two natural choices: fixed frame {s} or body frame {b}

W

Body frame

Fixed frame




Angular Velocities in Fixed Frame

e Consider fixed frame {s}
* Orientation of the body frame attimet R(¢) = |Xp ¥}, Zp)

= [r1(t) r2(t) r3(t)]

* Time rate of change R(t)

» Angular velocity w, € R3

X = WXX,
. . }A’ — nya
T = Ws X T, 1= 1,2, 3. : .
Z — W X 7Z.

Column

R=|ws X1r1 ws Xry ws Xr3|=ws X R.




S keW_Sy Mm et rl C M at I | X https://en.wikipedia.org/wiki/Skew-symmetric matrix

0 — I3 L9
T = |11 29 23]’ € R3 )= | =x3 0 —x
i — L9 X1 0 _

ws X R = |ws|R RZ(USXR

ws]R =R ws] = RR™!
N TN [——"



https://en.wikipedia.org/wiki/Skew-symmetric_matrix
https://en.wikipedia.org/wiki/Skew-symmetric_matrix
https://en.wikipedia.org/wiki/Skew-symmetric_matrix

Skew-symmetric Matrix

Proposition R[w] RT — [RUJ] w € R3 R c SO(3)

See Lynch & Park for proof

Proof. Letting r be the ith row of R, we have

I ri(wxry) ri(wxry) ri(wxrs) ]
R[wRY = ro(wxry) 7a(wxry) 79w xrs)
?“3T(w X 7T1) rgT(w X 19) ?“gT(c.u X 13)
0 —riw  Taw
= raw 0 —r{w

T
| W W

= [Ru],




Angular Velocities in Body Frame

e Consider body frame {b} wb

Change of reference frame (Wg = Rsbwb

wp = S_blws — R 'w, = Rw,
wy] = [Rws
— Rt (wg| R (eroposition) ws| = RR™1
= RY(RRYR
= R'R=R'R
s e




Angular Velocities

* Orientation of the body frame at time t in the fixed frame R(t)

* Angular velocity w

1 o
RR = |ws
17 S
R—R = 1%
e Change of reference frame of angular velocity
We = Rcdwd
s e

f%sb(t)




Velocity Kinematics

 Compute the velocity of the end-effector

End-effector configuration What is this?
R ) : R 7
T = P —_— T = b
0 1 0 0

. p linear velocity of the origin of {b} expressed in the fixed frame {s}

R — ws]R R — R[wb] Related to angular velocity

* Velocity kinematics: how to compute linear velocity and angular
velocity given joint positions and velocities? (future lectures)




Summary

* Velocity Kinematics

* Linear Velocity

* Angular velocity




Further Reading

* Chapter 3 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017
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