The Geometry of Virtual Worlds

CS 6334 Virtual Reality
Professor Yu Xiang

The University of Texas at Dallas

Some slides of this lecture are based on the Virtual Reality textbook by Steven LaValle




Review of VR Systems
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How to Build the Virtual World?

* Computer games

2D Virtual World 3D Virtual World 3D Virtual World, first person




How to Build the Virtual World?

* Examples of game engines
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How to Build the 3D World?

* Physics simulation

PyBullet Simulation
NVIDIA FleX Simulation




How to Build the 3D World?

* Game engines
* Photo-realistic rendering
 Built in physics simulation, e.g., Unity uses the NVIDIA PhysX engine
* Need more experience

* Physics simulators
* Usually non-photo-realistic rendering
* Usually easy to program, e.g., PyBullet
* Good for learning the concepts in VR




Representations of the 3D World

3D Meshes

3D Particles

P —
R

" %
Y i S5 S
A2

3D Voxels







The Virtual World as 3D Triangle Meshes

Face-Vertex Meshes

Face List Vertex List
fo | vOovdvs v0 10,00 | fo f1 f12 f15 7
f1 VO v5 vi1 vl |10,0 | f2 f3 f13 f12 f1
f2 | vivswve v2 |1,1,0 | f4 f5 f14 f13 13
f3 | v1vew2 v3 10,1,0 | f6 7 f15 f14 5
f4 | v2vev7 v4 10,01 |fs f7 fo f8 f11
f5 [v2vi v vs (101 [fof1 12 0 f8 mf‘" V5
f6 | v3v7 va v6 [1,1,1 [f2 f3 f4 fi0 fo
f7 [v3vawvo V7 [0,1,1 | fa f5 f6 f11 f10 \_, f2
fg | v8 vs w4 v8 |5,50|f8 fo f10f11
fo | v8 ve Vs ve |5,51[f12131415 f1
flo | va v7 ve f3
f11 ] v8 v4 v7 w0
f12 | v v5 v4
f13 | vo v6 VS
f14 | vo v7 ve o """
f15 | vo v4 v7 vl

From Wikipedia




Coordinate Systems

Z Object Coordinates

Right Handed Coordinates




Compose Scenes Y

3D Translation
3D Rotation

Object Coordinates




3D Translation
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Relativity
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7 . T b
(a) Original object (b) Object moves (¢) Origin moves

Both result in the same coordinates of the triangle




Apply a 2D Matrix to a 2D point
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Apply a 2D Matrix to a 2D point
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2D Rotations wm = [m“ m”]

o1 1Moo

* No stretching of axes  m7, +m35, = 1 and mj, +m3, = 1

* No shearing Dot product 7701177012 + Mo1Moo = 0

= M11Ma2 — M12Mao; = 1

A

mi11 M2
Mo1 TNoo

* No mirror images det [
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3D Rotations

* Unit-length columns

* Perpendicular columns
*det M =1

* 3 DOFs
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Euler Angles: Yaw, Pitch, Roll

e Counterclockwise rotation

Roll Pitch
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Combining Rotations

 Matrix multiplications are “backwards” &%
R(Of: ﬁa 7) — Ry(a)Rx(B)RZ(V) o
5
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R(Oé, 67 /Y) — Ry

Singularities
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Axis-Angle Representations of Rotation

e Euler’s rotation theorem: every 3D rotation can be considered as a
rotation by an angle about an axis through the origin

v = (v1, V2, v3)

Unit vector
> 2DOF + 1DOF




Rodrigues’” Rotation Formula

* Rotate v & R3 about unit vector k by angle 9

v &

Viot = vecosl + (k x v)sinf + k(k - v)(1 — cos6)

Derivation HW1

* Matrix notation VI‘Ot —— RV Cross product matrix
-0 —k, ky |
. 2 K= k, 0 —k,
R=1I+ (sinf)K+ (1 —cosf)K R, ke O
k xv=Kv
https://en.wikipedia.org/wiki/Cross_product




SO(n): Special Orthogonal Group

* SO(n): Space of rotation matrices in R"

SO(n) = {R e R"™" : RR" =I,det(R) =1}

* SO(3): space of 3D rotation matrices

e Group is a set (7, with an operatione, satisfying the following axioms:
*Closure: a € G,beG=a-be G
* Associativity: (¢ -b)-c=a-(b-c),Va,b,c € G
* Identityelement: Je € G, e-a=a,YVa € G
* Inverseelement: Vg € G,dbe G,a-b=b-a=c¢




Exponential Map for SO(3)

1
* Matrix exponential exp(X) = Z EX’“

factorial
* For Lie Group, Hamilton-Cayley theorem exp(X Z
» Coefficients are functions of eigenvalues of X k=0 X n X n

. nxn , oI __
* For SO(3), Rodrigues’ Rotation Formula so(n) ={K e R""": K = —K}

0 -k, k, |

skew-symmetric matrix K = | k. 0 —k,

R =1+ (sinf)K + (1 — cos§)K* Lk ke 0
= exp(AK)




Two-to-one Problem of Axis-Angle
Representations




Quaternions for 3D Rotations

* Quaternions generalize complex numbers and can be used to
represents 3D rotations

q=w+z1+Yyj]+ 2k

Scale (real part) Vector (imaginary part)

* Properties 2 = j2 — k4 = 1 ;
ij =k ji = —k
jk = ikj =~ Q
ki = j,ik = —j ' ]




Quaternion Addition and Multiplication

e Addition
p+q=(Po+qo)+ P1+aq)t+ (p2+q)j + (p3 + q3)k

* Multiplication

pqg = (po+p1t+p2g +p3k)(qo + @1t + q27 + qsk)
= pogo — (P1q1 + P2g2 + P3q3) + po(q1t + @27 + q3k) + qo(p1t + p2g + psk)
+(p2g3 — p3q2)t + (P3q1 — P193)7 + (P12 — P2q1 ) k.

Pq =pogo — P -q+poq ~qoP +P XQq

P — (p17p27p3) q — (q17q27Q3)




Complex Conjugate, Norm and Inverse

* Conjugate ¢ = qo+q = qo + q1t + q27 + g3k
q*:(JO_q:Q'O_Qﬂ:_(]Qj—q?,k

* Norm — * ¢ = (90— @)(90+q)

|Q| 14 = qoqo — (—q) - q+qoq+(—q)q + (—q) X g
= @ t+aq
= @+ tata
= qq".

* Inverse 4 q" 1 _q

g =— q q=2qq =1
q]°




Unit Quaternions as 3D Rotations

* For p €& Rg, rotation according to a unit quaternion ¢ = qog + @
Ly(v) = quq
= (¢ — llall*)v +2(q - v)q + 2q0(q x v)

The real partof vis O

* For unit quaternions, axis-angle

9 Y, .0 .0 .0
C—) — | COS — , U1 S111l — ., Vo SIINNl — , Va S111 —
(U, ) q 9 sy Ul 9 y U2 9 y U3 9




Two Equivalent Quaternions for 3D Rotation

* Multiply -1 to a quaternion

q—-:f.:rsE +5i:[1Ei
2 2 [|u|

v . 0 U
—q:ms(a +7r)+5111(§ + ) ——

—

]

* (J rotates ) ,—( rotates ) + D77




Transform 3D Models X + t Y

3D Translation (wo, Yo, ZO)
3D Rotation

< Object Coordinates

Rotation matrix T
Euler angles e '
Axis-angle

Quaternion




Further Reading

e Chapter 3, Virtual Reality, Steven LaValle

* Quaternion and Rotations, Yan-Bin lJia,
https://graphics.stanford.edu/courses/cs348a-17-
winter/Papers/quaternion.pdf

* Introduction to Robotics, Prof. Wei Zhang, OSU, Lecture 3, Rotational
Motion, http://www2.ece.ohio-
state.edu/~zhang/RoboticsClass/index.html



https://graphics.stanford.edu/courses/cs348a-17-winter/Papers/quaternion.pdf
http://www2.ece.ohio-state.edu/%7Ezhang/RoboticsClass/index.html
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