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Robot Dynamics

* Study motion of robots with the forces and torques that cause them

Motion ﬁ

* Using Newton’s second law F = ma

Forces and Torques
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Torque

Point Ta E Rg
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Torque or Moment
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Mg = Tq X f a
A rigid body




Spatial Force or Wrench

* Merge moment and force in frame {a}

Wrench Fa, —

Mq

fa

c R°

* If more than one wrenches act on a rigid body, the total wrench is the

vector sum of the wrenches

* Pure moment: a wrench with a zero linear component




Dynamics of a Single Rigid Body

* A rigid body with a set of point masses

* Total mass m = ZZ m;
* The origin of the body frame

Center of mass E m;r; — 0

(]
* If some other point is chosen as origin,

move the originto (1 /m) >y




Dynamics of a Single Rigid Body

* Assume the body is moving with a body twist Vp = (wb, vb)
« pi(t) be the time-varying position of m; , initially at 7
Di = Up + wp X P;
d d

D; = Up + —Wwp X P; + Wp X —P;
Pi b At b Pi b dtpz

= Up + Wp X P; + wp X (vp + wp X P;)

Pi = Uy + [eop]ri + [wp]vp + [wp]?ri




Dynamics of a Single Rigid Body

* For a point mass f; = m;p;
fi = my(0p + [p]ri + [wolve + [wo]?7:)

» Moment of the point mass  m; = |75 f;
* Total force and moment on the body

Wrench Jp = { T}Lbb } = { Ez%,,?:rfv: ]




Dynamics of a Single Rigid Body

* Linear dynamics 0 —x3
[.CE] = I3 0 —I
—XI9 I 0

&= Z m; (0 + [eop]rs + [wo]vp + [wy]?Ts)

0
= Zmz‘(?}b + |wp)vp) —W—I—WO

— Z m; (0p + [ws|vp)

i mglri] =0

= m(0p + [wp]vs).




Dynamics of a Single Rigid Body a] = —[a]*
* Rotational dynamics alb = —|bla
R a][b] = ([0][a])*

W*W Fact [1; X wy] =[] [ws] — [ws][74]

Body's rotational inertia matrix

_ 2 3X3
Iy = =2 ;mq[ri|” € R
B ( Z,-:mi[m ) @ b ( Zm ) symmetric and positive definite

= Tpwp + |[wp]Zpws,

= D mi (=[P — ]l )

Euler's equation for a rotating rigid body




Dynamics of a Single Rigid Body

e Linear dynamics Body twist V, = (wp, Up)

fo = m(0y + [wp|vs)
* Rotational dynamics
my = Lywp + |wp]Lpws T, = — %, m[r]? € R3*3

* Rotational kinetic energy

1
IC = §waIbUJb




Dynamics of a Single Rigid Body

. i ' ' : _ 2 3x3
Rotational inertia matrix 7, = — Z% m; [7’@] c R
Yom(yi +27) = Ty —yomywz
Iy = — ) MLy, Zmz(:cf + Z’L2) — > MYz
Mz =y meyiz yomy(xy +yf) |
| I:E:L’ Ia:y I:L’Z |
— Loy ZLyy Ly
i Ly Iyz 1., i Lpw = /B(y2—|—22)p($,y,z)dV Loy = —/Bmyp(x,y,z)dv
= 2+ 2 p(x z Ly = — a:zp(:v,y,z)dV
Iyy /B( + )P( » Ys )dv /B
I.. = /B(:c2+y2)p(ff,y,z)dV Tz = _/By‘w(x’y’z)dv‘

mass density function p(.’IJ, Yy, Z)




Inertia Matrix

* Principal axes of inertia: eigenvectors of 7
* Directions given by eigenvectors
* Eigenvalues are principal moments of inertia




Inertia Matrix

* General rotation dynamics

mp

= Tywyp + [wb]Ibwb

* |If the principal axes are aligned with the axes of {b}, 7Z; is a diagonal

matrix

rotational dynamics TNy —

Ixa:wa: + (Izz

— Ly )wyws
o Izz)w:cwz

Loy + (Lyy — Loz )way

Wp = (wma Wy 4 wz)




Inertia Matrix

#o-od---—
’ y

N\

rectangular parallelepiped:
volume = abc,
Tow = m(w? 4+ h?) /12,
T,y = m(Z + h?)/12,
T.. =m(l? +w?)/12

hICZT >

circular cylinder:
volume = 7r?h,
Tow = m(3r% 4+ h?) /12,
Zyy = m(3r? + h?)/12,
T, =mr?/2

I, - f (v + 2)pla,y, 2) AV

; B
Ty = [B(az2 + 2Hp(x,y, 2) dV
I.. = ]B(ﬂr2+y2)p(fv,y,Z) dv
T Z
—
y
ellipsoid:

volume = 4mabe/3,
Loz = m(b? + ¢%)/5,
Ly = m(a® +c*)/5,
Z.. =m(a* +b*)/5




Inertia Matrix

* Inertia matrix in a rotated frame {c}

* Kinetic energy is the same in different frame

1 1
§cu;FIcwc = §wa Lywy
1
— 5 (Rbcwc)TIb (Rbcwc)

1
= 3 wr (RETy Ry )we

T. = R; Ty Ry




Steiner’s theorem

* The inertia matrix Iq about a frame aligned with {b}, but at a point in
{b} ¢ = (gx,qy,q:),is related to the inertia matrix calculated at the
center ot mass by

T, =Ty +m(q ql —qq")

* Parallel-axis theorem: the scalar inertia Z; about an axis parallel to,
but a distance d from, an axis through the center of mass is

T = Loy + md?




Inertia Matrix

* Change of reference frame

Ic — RbTCIb Rbc

T, =Ty +m(q gl —qq")




Further Reading

* Chapter 8 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.

* Dynamics of a Single Rigid Body. Prof. Wei Zhang, Southern University
of Science and Technology, Shenzhen https://www?2.ece.ohio-
state.edu/~zhang/RoboticsClass/docs/LN11 RigidBodyDynamics a.p
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