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Jacobian

 Assume end-effector configuration x € R™

* End-effector velocity 7 — d:p/dt c R™

* Forward kinematics  2(t) = f(6(t)) 0 € R™ lointvariable
* Chain rule
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00  dt 00 J(0) € R"™*™  Jacobian
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Recall Twists

 Spatial twist and body twist

Vs = [ L;SS ] cR° Vs| = [Q(J)S] %S =TT~ ¢ s¢(3)
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* Relationship

Vo] = T 1V T V| =T V] T~




Recall Forward Kinematics

* Consider each revolute joint as a
zero-pitch screw-axis expressed in
the {0} frame (fixed frame)

Forward kinematics of a 3R planar open chain.

For joint 3

Spatial twist
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Manipulator Jacobian

 Forward kinematics

_ =1
T(0,...,0,) = elS1101 (52002 olSnlbn pr V| =TT
: d 15,10 (S,]0 s110, (@ [S,]0 S,]0
T — —e 1|V1 c..elen nM+e 1[/V1 —e 2102 ... elon nM+
dt dt 0, is a scalar

_ [51]916[31]91 e elSnlOn 4 p[S116n [52]6)26[52]92 coelShlfn 4

d(e??) /dt = Ae??0 = AP A0
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Space Jacobian
V| =TT}

[Vs] — [81]91 + 6[31]91 [32:6—[81]919.2 € 6[81]916[32]92 [83]6—[82]926—[81]919'3 4 ...

Adjoint mapping  [Vs| =T [V} 71 YV, = [AdT b]vb Adjoint map associated with T
_ R 0 6x6

V. = &y él —+ Ade[sl]a1 (S )(92 —+ Ade[sl 161 o[S2]02 (8 ) 93 + -
e R, T

V — 8191‘|_ JSQ(H)Q.Z. S i an(e)gn
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Space Jacobian

Spatial twist ), — [Jsl Js2(0) - an(ﬁ)}

JSZ(Q) — Ade[51]91...e[5i—1]9i—1 (Sz) ith column ¢, = 27 sy T




Visualizing the Space Jacobian

Vo= S 01 + Ad_isy10, (So )92 + Ad,isy10, cis10 (S3 )93 +

v g ~
Jsl J82 ']83
S3 Consider some input 9 on S
L e o e o o Pt U3 o1 o3 ——
o contribution
{s} 937 947 95 won't changeSS in {s} to the twist

83 represents the screw relative to {s”}

for arbitrary 91’ 92
Adr | = [Ad 151101 152105 ]
JSB — [AdT SH:S?)




Space Jacobian

* The ith column of the space Jacobian

Jsz(e) = Ade[Sl]Hl,_,e[Sz’—l]ei—l (S’L)

AdTi_l(Si) T, 1 = 6[81]91 . é[31—1]9¢—1

Jsi (9) is simply the screw vector describing joint axis ¢, expressed in fixed-frame
coordinates, as a function of the joint variables 04, ...,60;_1.




Space Jacobian

JS(H) by Jsz’ — (wsiavsi)

91\57‘ L1 L2 \27\93
: . ) -
céD i Wg1 — (O, O, 1) Usl — (O, O, O)
N pin
> [94 CUSQ — (0,0, 1) q2 (Llcl,Llsl,O)
_ Vg2 = —W2 X (g2 = (Llsla _Llclao)
; cp = cosby, s = sinb,
W, We3 = (O, 0, 1) g3 = (Lyc1+ Lacia, Lisi+ L2s12,0)
\‘*..\ qzi /,x" Clo = 608(91 + 92), S19 = Siﬂ(91 + 92)

vs3 = (L1s1 + Lasi2, —Licqy — Lacyo, 0)

a spatial RRRP chain

Wsq4 — (07 07 O) Usa = (0’0’ 1)
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Space Jacobian
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Recall Screw Axes in the End-Effector Frame

(1 0 0 0
IR
| L | L | L |
| l ! I 0 0 0 1
! ?/ U_),l: ’Ui ?; (JJ@, U?:
T (0,0,1) | (0,0,0) T (0,0,1) | (=3L,0,0)
> 1 (0,1,0) | (0,0,0) > 1 (0,1,0) | (0,0,0)
3 | (=1,0,0) | (0,0,0) 31 (=1,0,0) | (0,0, —3L)
1| (=1,0,0) | (0,0,L) | [4 [ (=1,0,0) | (0,0, —2L)
PoE forward kinematics for the 6R open chain 5 || (=1,0,0) | (0,0,2L) 5 || (=1,0,0) | (0,0,—-L)
6 | (0,1,0) | (0,0,0) 6] (0,1,0) (0,0,0)
Space form Body form




Body Jacobian

* End-effect twist in the end-effector frame [)}]| = 71T
* Forward kinematics

T(9) = MelBrlfelB2102 . o[Bnl0n

T :Me[Bl]Bl ce e[B’”»—l]gn—l (ie[Bn]gn)

dt
[B1]6 (d [B,,_1]6 ) (B,]0
_I_Me 1/Y%1 . E6 n—1]Un—-1 e n'n,_l____
+ Me[Bl]é’l . e[Bn—l]Gn_1 [Bn_l]e[Bn]Bnén_l ..
+ MelBilor g elB2102 . o[Bulbn g, 71 — o= [Bulbn ... o~[Bil61 g1




Body Jacobian

:Vb] — T_lT

Vil = [Bnly + e Brlon[B, _1elBnlong 4 ...
4 e BalOn . o= [Balarpz 10[B2102 L o[BalOn gy

Vb — BTL én —I_ Ade—[Bn]Qn (B?’L—l) 971—1 —I_ e —I_ Ade—[Bn]Qn...e—[32]92 (Bl) 0.1
~—~ . - . \ 2

Vb — Jbl (9)91 S i o an—l(g)én—l + angn
Joi(0) = (wpi(8), vpi(6))
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Visualizing the Body Jacobian

7

Vy = B, 9n+Ad Bn1on (Br1) On_1 4+ Ad, 5,100 ..o 152165 (B1) 01
—— 2 N

an Jb:r:—l J::l
B {b} Consider some input 93 on 83
° r;\ ° ° L No contribution
7 91, 92, 93 won’t change 34 in{b}  to the twist
Thy = elBalfa
/ Bs is expressed in {b}
Jb.?) — AC Tbub]B.?»
Tbbrr [64]948 {bl,} — -ACT—I ]B
B bbb’/
— _A(f.e—[55}95e—[54}94]83




Body Jacobian

Vo = | J1(0) - Jon1(0) Jpn || = J,(0)0

body Jacobian J,(0) € R®*"  § € R"
Jb’lf(g) — Ade—[Bn]Gn e Bit1l0ipa (Bz) t=n—1,...,1

an — Bn The screw vector for joint axis i, expressed in the coordinates
of the end-effector frame rather than those of the fixed frame




Relationship between the Space and Body Jacobian

* Fixed frame {s}, body frame {b}
* Forward kinematics T, (0)
* Twist of the end-effector frame

[VS] — stTS_bla Vs = J8(9)97

V) = T3, Ve = J(0)f. Vs = Adr,, (Vp)

Applying [Adr, ] to both sides

A = ' ‘
deb (Vb) Js (9)9 Adp, (Adp, (V) = Adrp, . 7.,(V) = Vp = Adp,_(Js(0)0)

Jp(0) = Adr,, (J5(0)) = [Adr,, | Js(0)
Js(0) = Adr,, (Jp(0)) = [AdT,,|Js(0)




summary

* Velocity kinematics

 Jacobian
* Space Jacobian

* Body Jacobian




Further Reading

* Chapter 5 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.

* T. Yoshikawa. Manipulability of robotic mechanisms. International
Journal of Robotics Research, 4(2):3-9, 1985.
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