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Forward Kinematics

* Forward kinematics of a robot: calculation of the position and
orientation of its end-effector from its joint coordinates

End-effector transformation

Joint coordinates () ‘ T R D ]
0 1




Forward Kinematics

* Method 1: uses homogeneous transformations
* Need to define the coordinates of frames
* Denavit-Hartenberg Parameters

Tos = 101112123134

* Method 2: uses screw-axis representations of transformations
* No need to define frame references

Space form TO4 — 6[81]91 6[82]92 6[83]93M

Body form T04 — MG[B]1916[8]2926[8]393




Velocity Kinematics

* Given joint positions and velocities § & [R"™ 9

* Compute the twist of the end-effector

v, =J '
« Angular velocity and linear velocity hand =7 vana (1)

End-effector velocity

6 0 =) Vhand




Jacobian

 Assume end-effector configuration x € R™

* End-effector velocity 7 — d:p/dt c R™

* Forward kinematics  2(t) = f(6(t)) 0 € R™ lointvariable
* Chain rule

. _of0) o) _ 010),

00  dt 00 J(0) € R"™*™  Jacobian
— J(9)97 6) Joint velocity
EEEI ST NN [N




Gradients

How to compute gradient? g_L [2_11 CZ_L - g_L}
1 2 ™m
scalar N 1 y
L(y) scalr y:m X sixicas
VA [HAM] | a,.;lﬁ( x) g fi(x) - g file)
Iy VAR | _ | £AE)]| _ | L&) £AK) .. 2 hx)

|V fn(x) _;—Ifm(x)_ ] axlfm( X) &izfm(x) . %ﬂfm{x)_

Jacobian matrix




Jacobian

Forward kinematics

r1 = Ljcost; + Lycos(61 + 07)

ro = Lisinf + Losin(6; + 6s).
Differentiate with respect to time

i1 = —L0,sinf; — Lg(él + 92) sin(61 + 6)
iy = L1601 cosfi + Lo (91 + 92) cos(f1 + 6s),
7= J(60)0

1 | | —Lisinf; — Lasin(6y +602) —Lasin(6; + 62) 0,
Ci?g N Ll COS 01 + L2 COS(91 + 92) L2 COS(Hl -+ 92) 9.2

a 2R planar open chain Vtip — Jl (9)91 —+ J2 (9)92
doma o we




Jacobian
Utip — Jl (9)91 -+ JQ (9)92

J, (9) and J5 (9) A-re nc?t cglinear, v can be any
direction in the x-y plane

J1(0) and J2(6) Depends on theta

92 is 0° or 180°
J1(0) and J(6) Are colinear

Singularities: where the robot tip is unable to generate
velocities in certain directions.

a 2R planar open chain




Jacobian viip = J1(0)01 + J2(0)6:
Ly = Lo = 1

_ 0 1\ [-071 —0.71
o=/ J([Tr/él])_[ .71 0.71 ]

a 2R planar open chain f — (()7 371'/4) J ([ 373/4 ]) _ [ —00221 :82 ]




Jacobian

* Mapping of speed




Jacobian

* Mapping of speed

T1

6, A

/ Singularity: manipulability
. . is A ellipsoid becomes a line

7(6)
6 \

Y

“iso-effort" contour
a unit circle

manipulability ellipsoid




Recall Twists

 Spatial twist (spatial velocity in the space frame)

V, = c RO

* Relationship

[Vb] — 77T

_ ws]




Manipulator Jacobian

 Forward kinematics

_ =1
T(0,...,0,) = elS1101 (52002 olSnlbn pr V| =TT
: d 15,10 (S,]0 s110, (@ [S,]0 S,]0
T — —e 1|V1 c..elen nM+e 1[/V1 —e 2102 ... elon nM+
dt dt 0, is a scalar

_ [51]916[31]91 e elSnlOn 4 p[S116n [52]6)26[52]92 coelShlfn 4

d(e??) /dt = Ae??0 = AP A0

—1 —1_—[Sr]0x — 5116
T =M e (Sl S & [S116 Proposition 3.10




Adjoint map associated with T

Space Jacobian V' = Adr(V)
V] =TMT
[VS] — -1 [Adr] = [ [foR 195 ] c R6%6

[Vs] — [81]91 + 6[31]91 [32]6—[81]919.2 € 6[81]916[32]92 [83]6—[82]926—[81]919'3 4 ...

Adjoint mapping
Vs = Si 61+ Adisie (S2) b2 + Adis,10, clsoies (S3) b + -
e R T.:

V — slgl‘l_ J82 )02 + -+ an(e)gn




summary

* Velocity kinematics

 Jacobian
* Space Jacobian




Further Reading

* Chapter 5 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.

* T. Yoshikawa. Manipulability of robotic mechanisms. International
Journal of Robotics Research, 4(2):3-9, 1985.
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