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Rigid-Body in 3D

Fixed frame

An example

Body frame

Rotation matrix

o = O

Translation

X Y Zb] =

o O

O O




Exponential Coordinates of Rotations

* Exponential coordinates

« A rotation axis (unit length) (U

* An angle of rotation about the axis

0o € R?

Fix the origin when rotating




Rodrigues' formula

Rot(w, 0) = e!®!? = I +sin 0 [0] 4+ (1 — cos)[0]? € SO(3)

Skew-symmetric Matrix [(2)] — w3 0 —W1




Matrix Logarithm of Rotations

~

R = el“l?
log(R) = log(e“?) =[]0

cIf O € R3 represent the exponential coordinates of rotation R,
then the matrix logarithm of the rotation R is

wl] = |w]
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Matrix Logarithm of Rotations

How to compute matrix logarithm?

Rot(w,0) = e“l? = I +sin 0 [0] + (1 — cos0)[@]? € SO(3)
re Ta 1 | co+ @3 (1 —cp) Wiwa (1 —cp) —w3sy wiw3(1 — cg) + Wasy
22 T23 | = @1@2(1 — Cg) + @389 Cy + @%(1 — Cg) 02)2(:{\)3(1 — Cg) — @189
f32 733 ] | (2)10?)3(1 — Cg) — W9SH @Qabg(l — Cg) + W1Se Cy + (2132,(1 — Cg)
W = (@1,@2,@3) Sg — sin 6 Cp — cos 6
01 = ! (rgo — 7r23)
rsg — To93 = 2wisind, , YT 2gingr 2
o if sinf #= 0 ) 1
ri3 — 731 = 2wgsind, — S v AL
~ : 1
21 — 1192 — 20.)3 S111 0 9 # k’]‘[‘ w3 = QSiDQ(T21 — 7“12).




Matrix Logarithm of Rotations

ri2 T13 | Co + @%(1 — 09) @1@2(1 — CQ) — W3Sy Ql@s(l — 09) + Wwasg
T29 23 - @1(2)2(1 — CQ) -+ (2)389 Co —+ (:)%(1 — C@) @2@)3(1 — CQ) — @189
32 733 il i @1@3(1 — Cg) — @289 (2)2(2)3(1 — CQ) -+ @189 Co -+ @g(l — C9)
tr R =111+ 1799 + 7133 =1+ 2cosb (:J]Q_—F —|—CU3—1
When # km sinf # 0 f=cos ™t (5(trR—1))
R B 1
“ro= 2sin 6 (rs2 = 723), . 1 l—? RT
N o 1 _ W = S — _
Wy = ZSinﬁ(T13 7“31), [ ] 2 Sill 9 ( )
1
“3 = 2rsint9(r21 ~i2).




Matrix Logarithm of Rotations

tr R =111 + 7990 +733 =1+ 2cosé @%—I—@%+@§=l

When 0 = k7

e Evenk, R=l, (U undefined

c 0ddk, 0 = 7, £371,..., R =™ =T 4 2[0]?

tr R — —1] Solve this equation to compute ()

12 1 14+ 7r1

32

) 1 '3 A 1
W = 723 w =
\/2(1—|—?"33) 1+?°33 or \/2(14—?"22)




Matrix Logarithm of Rotations

* Solutions exist for § € [0, 27]

e We can restrict the solutionto 0 & [O, w] Why?

Rot(w, ) = Rot(—w, —06)

e See algorithm in Page 74 in Lynch & Park




Exponential Coordinates and Matrix Logarithm

* Since exponential coordinates (@) satisfies ||LA|| <7 6 € [0,7]

Rotation axis can take negative direction

r € R3 in this solid ball

G=r/rl
. G=|r| T=wE

tr R # —1 e[”"] — R trR =14 2cos¥
trR=—1 R=cl"l with ||[r]| =7 R = el

Thisis because R = %™ = [ + 2[w]? and (@] = [-&)?




Exponential Coordinates of Rotations

~ 0 —w3 Wy
_ lw]o =1 & 0 -
H=e ; i —wcig @1 (C)Ul

exp: |w]f € so(3) — ReSO(3)

log: ReSOB) — |w]0 € so(3)




Homogeneous Transformation Matrices

* Consider body frame {b} in a fixed frame {s}

* 3D rotation R € SO(3)
* 3D position p ¢ R?

Fixed frame

 Special Euclidean group SE(3) or homogenous transformation matrices

] ) ril1 Tiz2 T3

T — R p 21 T22 T23

0 1 31 T32 733

' L0 0 0
I T N

Body frame

P1 )
P2

P3
1 —




Properties of Transformation Matrices

* The inverse of a transformation matrix is also a transformation matrix

—1
—1_| B p| _|R -—Rp
0 1 0 1

* Closure T,7T5
* Associativity (TlTQ)Tg =17 (TQTg)
* |dentity element: identity matrix [

* Not commutative  T,7T, £ T5T)




Homogeneous Coordinates

L " i
€T
(z,y) = | ¥ (z,y,2) = J — Y
s e
1 Z
- 1 —
homogeneous image homogeneous scene 1
coordinates coordinates -7
Up to scale
Conversion ~ _
- - T
y Y
y | = (z/w,y/w) Y = @/, y/w, 2/ w)
w
- — i w il




Homogeneous Coordinates

p__.cc___R.cr;—I—p_
1

L/

1

/

Homogeneous transformation Homogeneous coordinates




Uses of Transformation Matrices

* Represent the configuration of a rigid-body

* Change the reference frame

* Displace a vector or a frame




Representing a Configuration

1 0 0 0 0 1 —1 0 0
Ry, =10 1 0], Ry=10 -1 0 [, R = 0 0 1
0O 0 1 1 0 O 0 1 O
. { 0 } { 0 } { f }
yb Psa = 0 ) Psb = —2 ; Psc = 1
b
1b} . ;. 0 0 0
Pbe . -
o b Dab T %e Ty = (Rsaa psa) Tgy = (RSba pr)
.

A‘/{Nac {CA} Tse = (Rscapsc)




Changing the Reference Frame

Ta,bTbc — TaﬂéTﬂéc — Ta,c

Ta,b’Ub — Taﬁévﬁé — Ugq




Displacing a Vector or a Frame
* Rotating and then translating (R, p) — (Rot ((D, 9) : p)

* Transformation matrices

_ R O - 1 0 0 pg
Rot(w, 0) = 0 1 Trans(p) = 8 (1) (1) Z‘:
- - 0 0 0 1




Displacing a Vector or a Frame in Fixed Frame

Tsy = TTg, = Trans(p) Rot(w, 0)T (fixed frame)
_ R p Ry, Psb _ RRg Rpsb TP
0 1 0 1 0 1

& =(0,0,1) =090 p=(0,2,0)

Fixed Frame b {b'} Ziy




Displacing a Vector or a Frame in Body Frame

Tspr = TspT = Tgp Trans(p) Rot(w, 0) (body frame)
| Rsp psb R op | | Rl Rspp+psy
0 1 0 1 0 1

A
VI ) :
Zp r%‘(& ’

R Yb .
Y, {b} Zs 5=(0,01) =090 p= (0,2,0)
{s}
Body Frame %, §,




summary

e Matrix Logarithm of Rotations

* Homogenous transformation matrices




Further Reading

* Chapter 3 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017
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