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Forward Kinematics

* Forward kinematics of a robot: calculation of the position and
orientation of its end-effector from its joint coordinates

e Recall robot links and joints

Togs = To1112123T34

Toy = 6[51]916[52]926[33]93M




Velocity Kinematics

* Given joint positions and velocities § & [R"™ 9

* Compute the twist of the end-effector
* Angular velocity and linear velocity
* A screw axis is a normalized twist

Wh W,
Vi = c R° Vo=1| ° | eR®
Uy Vg
Body twist Spatial twist




Jacobian

* Assume end-effector configuration 2 € R™

e End-effector velocity 7 — d:l?/dt c R™

* Forward kinematics 2(t) = f(6(t)) 0 € R™ lointvariable
* Chain rule

. 9f(0)do@t) _ 9f(9) ,

00  dt 00 J(0) € R"™*"™  Jacobian
— J(9)97 6) Joint velocity
EEEI ST NN —




Gradients

How to compute gradient? _gL [(Z_L CZ_L . g_L}
1 2 m
scalar " ]_ y
L(y) scalr y:m X —
-?fl(}{)_ _§f1(}2)- - E,-‘::lf]( } ,_?_.'ifl(x) a%f,(x) ]
Iy (VA | _ | £L6)| _ | &AK) LA ... 2 hHX)

|V fm(x) ] _;—xfm(x)_ ] axlfm( x) aizfm(x) aix"fm{x)_

Jacobian matrix




Jacobian

Forward kinematics

r1 = Ljcosfi + Locos(0y + 05)

ro = Lisinf + Losin(6y + 6s).
Differentiate with respect to time

i1 = —L0;sin6; — Lz(él + 92) sin(61 + 605)
io = L101cosf; + Lo (91 + 92) cos(61 + 6-),
i = J(6)o

I . —Ll sin 91 — L2 Siﬂ(@l -+ 92) —L2 Sin(01 + (92) 91
Ci?z o Ll COS (91 -+ L2 COS(91 + 92) L2 COS(91 -+ 92) 9.2

a 2R planar open chain Utip — Jl (9)91 -+ JQ (9)92
EEEEI ST NN [ E—




Jacobian
Utip — J1 (9)91 + JQ(@)@Q

J1(0) and Jy(0) A_re not cglinear, v can be any
direction in the x-y plane

J1(0) and J2(6) Depends on theta

92 is 0° or 180°
J1(6) and J(6) Are colinear

Singularities: where the robot tip is unable to generate
velocities in certain directions.

a 2R planar open chain




Jacobian viip = J1(0)01 + J2(0)6:
Ly = Lo =1

_ 0 1\ [-071 —0.71
0=/ J([w/él])_[ 171 0.71 ]

a 2R planar open chain 0 — (07 37-(-/4) J ([ 37?/4 ]) _ [ —00221 :82 ]




Jacobian

* Mapping of speed




Jacobian

* Mapping of speed

T

6> A

/ Singularity: manipulability
‘ . iy A ellipsoid becomes a line
r=J ( 9)9 = O - ]

J(0)
A \

=

“iso-effort" contour
a unit circle

manipulability ellipsoid




Recall Twists

 Spatial twist (spatial velocity in the space frame)

V, = c RO

* Relationship

[Vb] — 77T

_ ws]




Manipulator Jacobian

* Space Jacobian ). — JS(H)H

Spatial twist
 Forward kinematics

T(01,...,0,) = olS1101 (82102 | J[Sn]0n g [VS] — 771

7o (%e[suel) S0y 4 IS0, (%6[32192) S
— [81]916[31]91 .. G[Sn]enM + 6[31]91 [82]6)26[82]92 . e[Sn]GnM I 9% is a scalar
d(e??) /dt = AeA?0 = 49 A
T_l — M—le—[Sn]Qn R 6_[81]91 Proposition 3.10




Adjoint map associated with T

Space Jacobian V' = Adr(V)
V] = TV T
[VS] — -1 [Ad7] = [ bj]%R 1% ] c R6%6

[Vs] — [51]91 + 6[81]91 [82]8—[31]91 92 e 8[31]916[52]92 [33]6—[52]928—[81]919'3 I

Adjoint mapping

Vs — Sl 91 + Ade[51]91 (S )92 + Ade[31]91 elS2109 (8 )93 + -
J g T

V — slgl‘l_ JSZ( )02++J8n(9)9n




Space Jacobian

Spatial twist ), = [Jsl Js2(0) - an(ﬁ)}

JS’&(Q) — Ade[51]91...e[5i—1]9z’—1 (8’&) th column 3, = 27 ceey T




Space Jacobian

* The ith column of the space Jacobian

Jsz(g) — Ade[Sl]Hl,_,e[Sz’—l]Bz’—l (S’L)

AdTi_l(Si) T, 1 = 6[31]91 . é[5¢—1]97:—1

Jsi (9 ) is simply the screw vector describing joint axis ¢, expressed in fixed-frame
coordinates, as a function of the joint variables 64, ...,6;_1.




Space Jacobian

Js(e) by Jsz’ — (wsiavsi)

91\57‘ L1 L2 \27\93
: . ) -
céD i Wg1 — (O, O, 1) Usl — (O, O, O)
N 2
> [94 CUSQ — (0,0, 1) q2 (L1C1,L181,0)
Vgg = —W2 X (2 = (Llsla —L101,O)
yﬁx c; = cosfy, s; = sinb,
. Y We3 = (O, 0, 1) g3 = (Lyc1+ Lacia, Lis1 + L2s12,0)
\‘*..\ qzi /,x" Clo = 608(91 + 92), S12 = Siﬂ(91 + 92)

Vs3 = (L1s1 + Lasi2, —Licqy — Lacyo, 0)

a spatial RRRP chain

Wgq = (O, O, O) Us4 — (0907 1)
EEN BT




Space Jacobian

01 L, /.7\ 05
S i
NN O

0 0 0 0
S [94 0 0 0 0
1 1 1 0
) JS(Q) o 0 Llsl Llsl + L2812 0
E - | 0 —Llcl —L1(31 — L2(312 0
: ¢ U=
ot

a spatial RRRP chain




Body Jacobian

* End-effect twist in the end-effector frame [})| = 71T
* Forward kinematics

T(0) = MelBl0elB2102 . o[Bnl0n

T :Me[Bl]Bl ce e[B’”»—l]gn—l (ie[Bn]gn)

dt
[B1]6 (d [B,,_1]6 ) (B,]0
_I_Me 1/Y%1 . E6 n—1]Un—-1 e n'n,_l____
+ Me[Bl]é’l . e[Bn—l]Gn_1 [Bn_l]e[Bn]Bnén_l ..
+ MelBilor g elB2102 . o[Bulbn g, 71 — o= [Bulbn ... ,—[Bi61 71




Body Jacobian

:Vb] — T_lT

Vol = (Bl + e Bulon[B, 1eBaltng |y ...
4 e BalOn . o= [Balarz 10[B2102 . o[BalOn g

Vb — BTL én —I_ Ade—[Bn]Qn (Bn—l) 971—1 —I_ e —I_ Ade—[Bn]Qn...e—[32]92 (Bl) 9.1
~—~ \ - “ \ 2

Vb — Jbl (9)‘91 S i o an—l(g)én—l + angn
Joi(0) = (wpi(0), vpi(6))
B




Body Jacobian

Vo = | Ju1(0) - Jon1(0) Jpn || = Jy(0)0

body Jacobian J,(0) € R®*"  § € R"
Jb’l(g) — Ade—[Bn]Gn e Bit110i41 (Bz) t=n—1,...,1

an — Bn The screw vector for joint axis i, expressed in the coordinates
of the end-effector frame rather than those of the fixed frame




Relationship between the Space and Body Jacobian

* Fixed frame {s}, body frame {b}
* Forward kinematics T, (6)
* Twist of the end-effector frame

[Vs] — stTS_bla Vs = Js (9)97

V] = Ty T, Ve = Jp(0)0. 7., (Vo)

Adp, (V) = Jo(0)0  Adg, (Adr, (W) = Adg,.1., (V) = Vy = Adr,, (J5(0)0)
= Adr,, (J5(0)) = [Adr, |Js(0)
= Adr,, (Jp(0)) = [AdT,,]J5(0)
s




summary

* Velocity kinematics

 Jacobian
* Space Jacobian

* Body Jacobian




Further Reading

e Chapter 5 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.

* T. Yoshikawa. Manipulability of robotic mechanisms. International
Journal of Robotics Research, 4(2):3-9, 1985.
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