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Rigid-Body Motions

Space frame

https://venturebeat.com/ai/mit-csail-refines-picker-robots-ability-to-handle-new-objects/



https://venturebeat.com/ai/mit-csail-refines-picker-robots-ability-to-handle-new-objects/

Vectors and Reference Frames

* A free vector: a geometric quantity with a length and a direction
* An arrow in R", not rooted anywhere
* E.g., alinear velocity X y

* A free vector in a reference frame
* The base of the arrow at the origin
e Coordinates in the reference frame v € R"™ Z .
* Coordinates change with reference frames
* The underlying free vector does not change (coordinate free)




Points

A point in space can be represented as a vector
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More about Reference Frames

* A reference frame can be attached anywhere

* Different reference frames result in different representations of the
space and objects, but the underlying geometry is the same

* Always assume one stationary fixed frame or space frame {s}
* E.g., a corner of a room

* Body frame {b} is the stationary frame coincident with the body-
attached frame at any instance

e E.g., origin on the center of mass of the body

8/31/2023 Yu Xiang



More about Reference Frames

* All frames in this course are stationary

 All frames in this course are right-handed

A
positive

ZA rotation Q




Rigid-Body Motions in the Plane

Unit vectors
with a hat

X,
b R\H
Vs / {b}
/ P Body frame

{s}

Fixed f

rame

Configuration of the planer body
* Position and orientation with respect to
the fixed frame
Body frame origin in the fixed frame

P = DaXs + PyYs
p — (pazapy) Vector form

Rotation angle {

Directions of the body frame
Xp = cosfxs+sinfly,,

Yp —

—sinf xg + cos 0y,




Rigid-Body Motions in the Plane

* The two axes of the body frame in {s}
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Rigid-Body Motions in the Plane

e {c}in {s}
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2. - With {b} in {s} and {c} in {b}
R = PQ (convert ) to the {s} frame)

r=Pq+p (convert q to the {s} frame and vector-sum with p)




Rigid-Body Motions in the Plane

| * Two frames attached to a rigid body {d} {c}
p /A‘m> ‘ * Initially, {d} = {s}, {c}in {s} by (R, r)
/ + Now, {d} move to{b} (P.p) in {s)
Pr+p e Where dose {c} end up?
R' = PR,
{c} r' = Pr+p

(P, p) is expressed in the same frame as (R, 'r)

not viewed as a change of coordinates

Known as a rigid-body motion




A Rotation Matrix-Vector Pair (P, p)

* Represent a e Change the * Displace a vector
configuration of a reference frame or a frame
rigid body in {s} |
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Rigid-Body Motions in the Plane
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three screw coordinates (8, sz, Sy)




Rigid-Body in 3D
P1 e Origin of the body frame

ps | P = P1Xs + P2y + P3Zs

* Axes of the body frame

Xp = T11Xs + 721V + T'31%s,
Vi, = T12Xg + T22Y + T'32%Zg,
7, = T13Xs + 723V + T33%.

Body frame

. . . R Write as
Fixed frame R = [Xb Yb Zb] — r21  T22 T23 column

vectors

Rotation matrix




Rotation Matrix

 Unit norm condition

2 2 5 ” - .
rin Tty = R=l% §u 2] Tz TS
2 2 2 — |Xb Yp Zb| — o1 To2 T23
rig + 735+ 135 = 1, b . - -
31 32 33
iy + 793+ 155 = 1. - i

* Orthogonality condition Xp -V, = XpZp =V}, - Zp = 0

11712 T T21T22 T— 131732 — 07
12713 ™ 122723 T 732733 — Oa
r11713 + 721723 + 131733 = 0.




Rotation Matri

X

e Orthogonal matrix RTR =1 11 T2 T3
* Right-handed X, X V, = Zp R=[x ¥ 2] = | 121 722 T23
rsi1 732 T33

* Left-handed %, X )’}b = —7y -

Determinant of a 3x3 matrix M

det M =a*(bxc)=c'(axb)=b"(cxa)

det R = -

det R =1
s

-1

does not change the number of
independent continuous variables

Right-handed frames only




SO(n): Special Orthogonal Group

* SO(n): Space of rotation matrices in R"

SO(n) = {R e R"™" : RR" =I,det(R) =1}

* SO(3): space of 3D rotation matrices

e Group is a set (57, with an operatione, satisfying the following axioms:
*Closure: a € G,beG=a-be G
* Associativity: (q-b)-c=a-(b-c),Va,b,ce G
* Identityelement: Je € G, e-a=a,YVa € G
* Inverseelement: Vg € G,dbe G,a-b=b-a=-¢




Properties of Rotation Matrices
* Closure R Ro
* Associativity (Rl RZ)RS — Rl (R2 RS)

* |dentity element: identity matrix [

* Inverse element R_l — RT

* Not commutative R1R2 # R2R1




Uses of Rotation Matrices

* Represent a rotation

* Change the reference frame

* Rotate a vector or a frame




Representing a Rotation

. Rsc frame {c} relative to frame {s}
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Changing the Refence Frame

. . . ) “h o, &

* Orientation of {b}in {a} R, /L k \\T/(y
* Orientation of {c} in {b} Ry, LGNS {bI™N {)

e Orientation of {c} in {a} e h p*

Rac — Rab Rbc

= change_reference_frame_from_{b}_to_{a} (Rp.)

* Subscript cancel rule
RabRbc — Raﬁ;Rﬁéc — Rac Ra,bpb — Ra?ﬂ% — Pa
s e




Rotating a Vector or a Frame

* Rotate frame {c} about a unit axis C:J
by £ to get frame {c’}

R = Rsc’
* Rotation operation

R = Rot(®, )




Rotating a Vector or a Frame

1 0 0 cos@ 0 sind |
Rot(x,0) = | 0 cosf —sinf Rot(y,0) = 0 1 0
0 sinf cosf - —sinf) 0 cosf
- cosf —sinf 0O |
Rot(z,0) = | sinf cos@ O
0 0 1




Rotating a Vector or a Frame

Rot(w, ) =

I Co + (;J%(l — CQ) @1(2)2(1 — Cg) — @389 @1@3(1 — Cg) -+ (:JQSQ
(2)1(2)2(1 — Cg) -+ @389 Cop + @%(1 — CQ) (2)2(2)3(1 — CQ) — @189

i (2)1(2)3(1 — Cg) — (;.JQSQ @2@3(1 — CQ) —+ @189 Co —+ @%(1 — Cg)

Sp = sinf) ¢y = cosb
Rot(w, ) = Rot(—w, —6)




Rotating a Vector or a Frame A

Lo

* {btin{s} R4, |

b h Ry = RR b

o I fixed frame b b’

Rotate { } Wit A ﬁ 2 rotation e Zp!
Rot(w, 0)

Rb :RbRQ

W represented in {s} or {b}?
body frame

rotation A R
Zp'! yb”

Ry = rotate_by_R_in_{s}_frame (Rs) = RRgp
Rgpr = rotate_by_R_in_{b} _frame (Rg,) = R R

To rotate a vector ’U, — R’U




Summary

* Reference frames

* Rigid-body motions in 2D

* Rigid-body motions in 3D

 Rotation matrices

e Uses of Rotation Matrices
* Represent a rotation
e Change the reference frame
e Rotate a vector or a frame




Further Reading

e Chapter 3 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017

* Quaternion and Rotations, Yan-Bin lJia,
https://graphics.stanford.edu/courses/cs348a-17-
winter/Papers/quaternion.pdf

* Introduction to Robotics, Prof. Wei Zhang, OSU, Lecture 3, Rotational
Motion, http://www2.ece.ohio-
state.edu/~zhang/RoboticsClass/index.html



https://graphics.stanford.edu/courses/cs348a-17-winter/Papers/quaternion.pdf
https://graphics.stanford.edu/courses/cs348a-17-winter/Papers/quaternion.pdf
http://www2.ece.ohio-state.edu/~zhang/RoboticsClass/index.html
http://www2.ece.ohio-state.edu/~zhang/RoboticsClass/index.html
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