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Robot Dynamics

e Study motion of robots with the forces and torques that case them

* Equations of motion
* A set of second-order differential equations

T = M(Q)@ 4+ h(@7 9) Joint variables ) & R"™

Joint forces and torques T & R™ M (9) c R™ XT3 symmetric positive-definite mass matrix

h(@ 9) c R™ forces that lump together centripetal, Coriolis, gravity,
/ and friction terms that dependon ¢ and 6




Forward and Inverse Dynamics

* Forward dynamics
* Given robot state (9, 9) and the joint forces and torques
* Determine the robot’s acceleration

= M~1(0) (T — (6, 9’))

* Inverse dynamics
* Given robot state (0, 9) and a desired acceleration
* Find the joint forces and torques

= M(6)0 + h(6,0)




Robot Dynamics

* Lagrangian formulation
* Kinetic energy and potential energy

e Newton-Euler formulation
* F=ma




Dynamics of a Single Rigid Body

* A rigid body with a set of point masses

* Total mass m = ZZ m;
* The origin of the body frame

Center of mass g m;r; = 0

(2
* If some other point is chosen as origin,

move the originto (1 /m) > myT




Dynamics of a Single Rigid Body

* Assume the body is moving with a body twist V}, = (wb, vb)
« pi(t) be the time-varying position of m; , initially at T;
Di = Up + wp X P;
d d

D; = Up + —Wp X P; + wWp X —P;
Pi b At b Pi b dtpz

= Up + Wp X P; + wp X (vp + wp X ;)

Pi = Up + [cop]ri + [wp]vp + [wp]?r




Dynamics of a Single Rigid Body

* For a point mass f; = m;p;
fi = my(0p + [Wp|ri + [wo]vp + [wp]?T;)

* Moment of the point mass  m; = |7;] f;
* Total force and moment on the body

Wrench JFp = { T}Lbb } — { Ez::”’?:?: ]




Dynamics of a Single Rigid Body

* Linear dynamics

> mgri] =0
fyr = ;mz(vb + |wp|7i + [we vy + [wb]ZTi) [a- _ [a]T
0 _
— Zm@'(?}b + [ws|vs) —W+WO [a/_ b = — [b]CL
_ zzjmz-(@b T [wplu) | a][b] = ([b][a])”

= m(@b -+ [wb]vb).




Dynamics of a Single Rigid Body

* Rotational dynamics

= Zmz‘ [r:] (0p + [wp]rs + [wo]vp + [ws]?r:)

0
- W+WO

1 . . . .
+Zm% rid (o] =+ [ws)?rs) Body's rotational inertia matrix

B Zm@ [ra*wn, — [ri] " [ws] " [rilws) Ly = _Zz mi[ri]Q ~ R332

- Zmz (]2 aop — [wp] [ri]*ws)
— (Zmz[m] )war wb ( Zmz 7’1 )

= Tywp + [wp]Zpws, Euler's equation for a rotating rigid body




Dynamics of a Single Rigid Body

. i ' ' ' _ 2 3X3
Rotational inertia matrix 7, = — Zz m; [’r‘Z] c R
i Zmz(yf —I_Zz2) — > MTY; — > M2 ]
Iy = — ) MLy, >omg(xy + 27) — > MYz
— D MT;2; — > MYz Zmz(xf +y¢2) 1
i Zxar; Ixy Ia:z |
— Loy Lyy ZLy:
Iacz Iyz Izz Lo = /(y2+22),0($7y72)dv Loy = —/B:cyp(x,y,z)dv
- - B
Ly = / (2% +2%)p(x,y, 2) AV Loz = = /B“P(x’y’z)dv
B
T.. = / (@2 +y*)p(x,y,2) AV Iy: = — /B yzp(,y,z) dV.
B

mass density function p(il?, Yy, Z)




Inertia Matrix

* Principal axes of inertia: eigenvectors and eigenvalues of 7
* Directions given by eigenvectors
* Eigenvalues are principal moments of inertia

* |f the principal axes are aligned with the axes of {b}, Z; is a diagonal

matrix
Ixmwm =+ (Izz o Iyy)wywz _
. Wy = (wmawyawz)
rotational dynamiCS mb — Iyywy —l_ (wa - Izz)wa:wz




Inertia Matrix

/; """ s @ - = = == = - — —>
-7 y N2 A~ A~
y y

5 &

< — ;
rectangular parallelepiped: circular cylinder: ellipsoid:

volume = abe, volume = 7r2h, volume = 4mabc/3,
Tpw = m(w? + h2)/12, Toew = m(372 + h2) /12, Tww = m(b? + c2)/5,
Tyy = m(£* + h*)/12, Tyy = m(3r® + h%)/12, Zyy = m(a* +c?)/5,
T.. = m(f% + w?)/12 I..=mr?/2 I.. = m(a® +b%)/5




Inertia Matrix

* Inertia matrix in a rotated frame {c}

* Kinetic energy is the same in different frame

1 1
§wTIcwc = §waIbwb

1
— §(Rbcwc)TIb(Rbcwc)

1
= 3 w (R Ty Ry )we

T. = R; Ty Ry




Steiner’s theorem

* The inertia matrix Iq about a frame aligned with {b}, but at a point in
{b} ¢ = (gs,qy,q:),is related to the inertia matrix calculated at the
center of mass by

T, =Ty +m(q ql —qq")

* Parallel-axis theorem: the scalar inertia Z; about an axis parallel to,
but a distance d from, an axis through the center of mass is

T, = L., +md?




Inertia Matrix

* Change of reference frame

Ic — RbTCIb Rbc

T,=Ty+m(q gl —qq")




Twist-Wrench Formulation

* Linear dynamics  f, = m(dp + [wp]vp)

* Rotation dynamics my = Zpwy + |wp|Zpws
[ ™My . [ Ib 0 d)b [wb] 0 Ib 0 Wh
| fb o | 0 m/ ‘Db + 0 [wb] 0 m/ Up
v = v x v =0 and [v]T = —[v]
[mb]__Ib O--d}b__|__[wb] [’Ub]-[Ib O][wb]
fb o | 0 m/ 1L ’[)b | | 0 [wb] ] 0 m/ Up
_—Ib O__wb__—[wb] O_T[Ib O][wb]
- i 0 m/ 1L i)b | i [’Ub] [wb] ] 0 m/ Up




Twist-Wrench Formulation

Body twist ), = { “b ] Body wrench JFp = [ M ]
Up fb
L 0
spatial inertia matrix G, € R6*6 Gy, = [ Ob ml ]
I + | |
kinetic energy = §wb Lywp + 5111?)5 Up = §Vb GV

spatial momentum P, € RY P, = [ ﬁwb ] — [ Iob n‘(t)f ] [ b ] = GV
() Up




Twist-Wrench Formulation
* Lie bracket of two twists }); = (wlg’Ul) and Vo = (Ldg,’l)g)

{ wi] 0 } { W2 } = [ady, [Vs = ady, (V) € RS

U2

E RGXG




Twist-Wrench Formulation

* Dynamic equations for a single rigid body
) T
Fy = GpVp —ady, (Py)
) T
= GV — lady,| GV

* Moment equation for a rigid body

My — Ibd)b — [wb]TIbwb




Dynamics in Other Frames

* The kinetic energy is independent of frames

1 1
51}3’ G Vo = 514? Gy Vs

1
— 5 ([AdTba]Va)Tgb [AdTba]Va

1
— §v;f [Adr,]" Gp[Ad7,,] Vas
G

* The spatial inertia matrix G, = [Adp, |1 Gy[Adr, |
* Equations of motion in frame {a}

Fa

— gava, — [adva]Tga,Va




Summary

* Dynamics of a single rigid body
* Linear dynamics

* Rotational dynamics

Fo = Gy — ale;b (Pp)
= GV, — [ady, ] GV




Further Reading

* Chapter 8 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.
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