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Robot Dynamics

e Study motion of robots with the forces and torques that cause them

* Equations of motion
* A set of second-order differential equations

e M(@)H + h}(@7 9) Joint variables 9 - Rn

Joint forces and torques T & Rn (\/ﬂ (9) - Rn X a symmetric positive-definite mass matrix

h(@ 9) c R™ forces that lump together centripetal, Coriolis, gravity,
/ and friction terms that dependon ¢ and 6




Forward and Inverse Dynamics

* Forward dynamics
- Given robot state (6, #) and the joint forces and torques
* Determine the robot’s acceleration

§=M"16) (’T — h(8, 9)) Simulation

* Inverse dynamics
* Given robot state (0, 9) and a desired acceleration
* Find the joint forces and torques

= M(6)0 + h(6,0)

Control




Robot Dynamics

* Lagrangian formulation
* Kinetic energy and potential energy

e Newton-Euler formulation
* F=ma




Lagrangian Formulation

e Generalized coordinates

* Choose a set of independent coordinates ¢ & IR™ that describes the
system’s configuration

* Generalized forces f € R"
* Power 1

* Lagrangian function L(q,q) = K(q,q) — P(q)

Kinetic energy  Potential energy

* Equations of motion d 0L O
— Euler-Lagrange equations with

;= dt Oq 0q external forces
DT




Lagrangian Formulation

* Example: a particle of mass m constrained to move on a vertical line

Generalized coordinate: height of the particle £ € R

4 f external force , .
Newton’s second law f —mg = mx

[
Lagrangian formulation
' - 1
mg gravitational force E(ZE, CL’) _ ]C(ﬂ?, .23) o P(ZE) _ §m:t2 — mgx
podoL oL Lo
T dtor  ox J




Lagrangian Formulation

Two links with point masses
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Lagrangian Formulation
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Lagrangian Formulation

Product-
velocity Gravity
Mass matrix term term
T=M(0)0 + c(0,0) + g(0),
h(6,6)
M(Q) . mlL% + mz(L% + 2L1Ls cos By + L%) mg(LlLQ cos 0y + L%)
N mo (L1L2 COS 62 + L%) mng
C(e 9) . —m2L1L2 sin 92 (29102 + 9%) COFiO“S and
A mngLQQ% sin 0, centripetal torques
A 2R open chain under gravity 4(0) = (my +my)Lygcos bty +mogls cos(61 + 62) gravitational
mo gLy cos(6y + 02) torques




Lagrangian Formulation
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Lagrangian Formulation

* For general n-link open chain and all joints are actuated
* Generalized coordinates are joint values § € R™

* Generalized forces + € R™
* Revolute joint -> torque
* Prismatic joint -> force

* Lagrangian  £(6,0) = K(0,6) — P(6)

1 "o o 1 .
K(0) = 5 ;;mj (0)0:0; = 07" M(6)6
n X n mass matrix M (6)




Lagrangian Formulation
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* Dynamic equations 7;

Christoffel symbols of the firstkind  1'; % (0) = 5

00, = 00, 00

= M(0)0 +0TT(0)0 + ¢(6) T'(H) nxnxn

- éTrl(é’)é . 9(9) = 87)/(99

R R ()L . Y

0'T(0)0 = : I;(f) is an n X n matrix with (7, k)th entry I';
| 67T, ()0




Lagrangian Formulation

T = M(0)0+ C(0,0)0 + g(0)

Coriolis matrix C(Q’ 9) c RnXn

n

k=1




Understanding the Mass Matrix

* Kinetic energy K (4) = %ZZmij(e)éiéj = %H'TM(H)H'

1=1 1=1

* A generalization of point mass  Imuotv

* M is positive definite §TA1(0)0 > 0 for all § # 0

* Mass of a point mass is always positive




Understanding the Mass Matrix

e For a point mass [ = M
* mis independent of the acceleration direction

* A mass matrix presents different effective mass in different
acceleration directions

T = M(6)8 + C(6,60)0 + g(6)




Understanding the Mass Matrix
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Summary

* Robot Dynamics

* Lagrangian formulation




Further Reading

* Chapter 8 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.
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