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Forward Kinematics

* Forward kinematics of a robot: calculation of the position and
orientation of its end-effector from its joint coordinates £

* Recall robot links and joints

Tog = To1112123134

Ty, = elS1101 (82162 (83165 3 p




Velocity Kinematics

* Given joint positions and velocities f§ & R™ 9

* Compute the twist of the end-effector
* Angular velocity and linear velocity
* A screw axis is a normalized twist

Wh %,
Vi = c R° Vo=1| ° | eR®
Uy Vg
Body twist Spatial twist




Gradients

How to compute gradient? g_L [3_L oL - 8_L}
Y1 Y2 Ym
scalar " 1 y
L(y) salr y:m X 1 % m
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Jacobian matrix




Jacobian

 Assume end-effector configuration x € R"™

e End-effector velocity 7 — da:/dt c R™

» Forward kinematics x(t) = f(6(t)) 0 € R™ lointvariable
* Chain rule

. 9f(0)dot) _ 9f(9) ,

00  dt 00 J(0) € R™M*™  Jacobian
- J(Q)Q’ 9 Joint velocity
EEN T [ —




Jacobian

Forward kinematics

r1 = Ljcost + Lycos(fy + 0s)

re = Lyisinfy + Losin(61 + 02).
Differentiate with respect to time

i1 = —L10;sin0; — L2(91 + 92) sin(6, + 05)
iy = L10;cosf; + Lg(él + 02) cos(61 + 05),

i = J(6)0

I . —L1 sin 91 — L2 Siﬂ(@l + 02) —L2 sin(01 + 92) 91
.fg - L1 COS (91 + L2 COS(91 + (92) L2 COS((91 —+ 92) 92

a 2R planar open chain Vtip = Jl (9)01 — J2 (9)92
T




Jacobian
Utip — Jl (9)91 -+ JQ(@)HQ

J1(0) and Jo() Arenot colinear, v can be any
direction in the x-y plane

J1(0) and Jo(0) Depends on theta

92 is 0° or 180°
Jl(H) and JQ(@) Are colinear

Singularities: where the robot tip is unable to generate
velocities in certain directions.

a 2R planar open chain




Jacobian viip = J1(0)01 + J2(0)6:
Ly = Lo =1

0 071 —0.71
0= 0m/4) J([w/zLD:[ 171 0.71 ]

a 2R planar open chain 0 — (()7 37-(-/4) J ([ 37?/4 ]) _ [ —002791 :8;1 ]




Jacobian
* Mapping of speed

0y A




Jacobian

* Mapping of speed

1

92A

/ Singularity: manipulability
‘ ’ iy A ellipsoid becomes a line
T =J(60)0 = O - ..

: J(0)
61 \

-
. €T
“iso-effort" contour 1

a unit circle

manipulability ellipsoid




Jacobian and Statics

» Suppose that an external force is applied to the robot tip. What are the joint
torques required to resist this external force?

A conservation of power argument

ftq;pvtip =710 Utip = J(Q)é ft?pJ(Q)é — 710
jointtorque T — JT(Q)ftip

Tipforce  ftip = (JONtr=T1(O)r




Tip Force

fip = ((J(0))") T =J7(0)7




Force Ellipsoid

“iso-effort" contour




Manipulability Ellipsoids and Force Ellipsoids

To A
T
If it is easy to generate a tip
veIoc!tY in .a glven direction Manipulability ellipsoids Force ellipsoids
then it is difficult to generate o\ f2 A

a force in that same direction,
and vice versa.

-
Z1




Manipulator Jacobian

* Space Jacobian ). — JS(Q)H

Spatial twist
* Forward kinematics

T(01,...,0,) = olS1101 [S2102 | J[Sn]0n gy [VS] — 771

. d d
i (Ee[&wl) L ISu8n o fSi16: (EG[SQ]GQ) el

.. e[Sn]enM _|_ 6[81]91 [82]026[82]92 . e[Sn]QnM _|_ .o
d(eA?) /dt = AeA?0 = 49 Af

Proposition 3.10

.. 6_[81]91




» Adjoint map associated with T
Space Jacobian o

V] = 71 V=TV
s| =
[Vs] — [81]@1 + 6[51]91 [82]6—[51]91 92 + 6[51]91 6[52]92 [83]6—[52]926—[51]91 (9'3 4 ...

Adjoint mapping

Vs — Sl él + Ade[51]91 (S )92 + Ade[31]91 elS2109 (8 )03 + -
ST

J3

Too
Vs — Jslél‘l_ JSQ(Q)éZ. + -+ an(e)gn
Jsz(g) — (wsi(g)avsi(g)) 9 - Rn




Space Jacobian

Spatial twist ), = [Jsl Js2(0) - an(ﬁ)}

JS’L(Q) — Ade[sl]gle[sl—l]el—l (8@) Ith COIUmn 7: — 27 R n"




Space Jacobian

* The ith column of the space Jacobian

Jsz(g) — Ade[Sl]Hl,_,e[Sz’—l]Bz’—l (S’L)

AdTi_l(Si) T, 1 = 81101 . .. é[5¢—1]9¢—1

S si (9) is simply the screw vector describing joint axis 7, expressed in fixed-frame
coordinates, as a function of the joint variables 6,...,60;_1.




Space Jacobian

Js(e) by Jsz’ — (wsiavsi)
w1 = (0,0,1) vs1 =(0,0,0)

Wg2 — (0,0, 1) q2 (L1C1,L181,0)

Vgog — —Wa X (g2 = (Llsla —L1€170)

¢y = cosby, s = sinb,

We3 = (O’ 0, 1) g3 = (L1c1 + Lacia, Lysy + L2si12,0)
c12 = cos(f1 + 6s3), s12 = sin(#; + 6s)

Vs3 = (L1851 + Lasi2, —Licy — Lacia,0)

a spatial RRRP chain

Weq = (O, 07 O) Usq4 — (0707 1)
N TN [——"




Space Jacobian

01 Ly /\gﬂ&%
A . =
5 a

0,2 0 0 0 0
S ' 0 0 0 0
1 1 1 0
Js(0) = 0 Lisy Lisy + Lasia 0
0 —L101 —LlCl — L2C12 0
0 0 0 1

a spatial RRRP chain




Body Jacobian

* End-effect twist in the end-effector frame [Vb] — 717
* Forward kinematics

T(0) = MelBl0elB2102 . o[Bnl0n

T :Me[Bl]el ... G[Bn—l]en—l (ie[Bn]en)
dt

- AfelBiO (%G[Bn_ﬂen_l) o[BI,

— MelB1lo . oBnln [Bn]gn
+ MeBUO L pBailonarg  1e(Balong
4+ M !Bl [51]6[82]02 o 6[8”]9”6’1, T—l _ e—[Bn]gn o 6_[51]91M_1




Body Jacobian

:Vb] — T_lT

Vil = [Balfn e B (B, 1],
T e BulOn . ~BalO2 [, |olBalOa . clBul0n

Vb — Bn en + Ade—[Bn]Gn (Bn—l) én—l + e+ Ade—[Bn]Qn e [B2102 (Bl) él
N~ N ~ 4 \ -

TV
Jon Jbn—1 Jb1

Vb — Jbl (9)‘91 + ot an—l(g)én—l + angn
Joi(0) = (wpi(0), vpi (6))
dommz e




Body Jacobian

Vo = | Ju1(0) - Jon-1(0) Jpn || = J,(0)0

body Jacobian J,(6) € R°*" h c R"
Jb’l(g) — Ade—[Bn]Gn e Bit1]0ipa (Bz) t=n—1,...,1

an — Bn The screw vector for joint axis i, expressed in the coordinates
of the end-effector frame rather than those of the fixed frame




Relationship between the Space and Body Jacobian

* Fixed frame {s}, body frame {b}
* Forward kinematics T’ (6)
* Twist of the end-effector frame

Vil = TaT, V, = J,(0)6,
V| = Tslesb, Vi = Jp(6)0.




Summary

* Velocity kinematics

 Jacobian
* Space Jacobian

* Body Jacobian




Further Reading

* Chapter 5 in Kevin M. Lynch and Frank C. Park. Modern Robotics:
Mechanics, Planning, and Control. 1st Edition, 2017.

* T. Yoshikawa. Manipulability of robotic mechanisms. International
Journal of Robotics Research, 4(2):3-9, 1985.




	Velocity Kinematics
	Forward Kinematics
	Velocity Kinematics
	Gradients
	Jacobian
	Jacobian
	Jacobian
	Jacobian
	Jacobian
	Jacobian
	Jacobian and Statics
	Tip Force
	Force Ellipsoid
	Manipulability Ellipsoids and Force Ellipsoids
	Manipulator Jacobian
	Space Jacobian
	Space Jacobian
	Space Jacobian
	Space Jacobian
	Space Jacobian
	Body Jacobian
	Body Jacobian
	Body Jacobian
	Relationship between the Space and Body Jacobian
	Summary
	Further Reading

