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Forward Kinematics

• Forward kinematics of a robot: calculation of the position and 
orientation of its end-effector from its joint coordinates

• Recall robot links and joints 
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Forward Kinematics
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Forward kinematics of a 3R planar open chain.

• General cases
• Attaching frames to links
• Using homogeneous transformations

Depends only on the joint variable



Forward Kinematics
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Forward kinematics of a 3R planar open chain.

• A different approach

• Define M to the position and 
orientation of frame {4} when all the 
joint angles are zeros (“home” or 
“zero” position of the robot)

a product of matrix exponentials
(does not use any frame references, only {0} and M)



Product of Exponentials Formula
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• Each link apply a screw motion to all the outward links

• Base frame {s}

• End-effector frame {b}

{b} in {s} when all the joint values are zeros

{b} in {s} when joint n with value



Product of Exponentials Formula
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Joint values

• Space form of the product of exponentials formula

• Unlike D-H representation, no link reference 
frames need to be defined



Product of Exponentials Formula
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A 3R spatial open chain



Cross Product

• Matrix notation
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https://en.wikipedia.org/wiki/Cross_product

https://en.wikipedia.org/wiki/Cross_product


Product of Exponentials Formula
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A 3R spatial open chain



Product of Exponentials Formula
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PoE forward kinematics for the 6R open chain

First three joints are at the same location



Product of Exponentials Formula
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The RRPRRR spatial open chain



Product of Exponentials Formula
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Universal Robots' UR5 6R robot arm



Product of Exponentials Formula
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Universal Robots' UR5 6R robot arm



Recall Twists

• Spatial twist (spatial velocity in the space frame)

• Relationship
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Recall Adjoint Representations

• The adjoint representation of

• The adjoint map associated with T 
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or



Recall Twists
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In general



Screw Axes in the End-Effector Frame

• Proposition
• PoE formula
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Body form of the product of exponentials formula



Screw Axes in the End-Effector Frame
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PoE forward kinematics for the 6R open chain

Body form Space form 



Screw Axes in the End-Effector Frame
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Barrett Technology’s WAM 7R robot arm at its 
zero configuration



Screw Axes in the End-Effector Frame
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Barrett Technology’s WAM 7R robot arm at its 
zero configuration



Summary

• Forward kinematics

• Product of Exponentials Formula
• Space form

• Body form
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Further Reading

• Chapter 4 in Kevin M. Lynch and Frank C. Park. Modern Robotics: 
Mechanics, Planning, and Control. 1st Edition, 2017.
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